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Abstract

In this paper we present a new algorithmic approach for computing the Hilbert function of a finitely
generated difference-differential module equipped with the natural double filtration. The approach is based
on a method of special Grobner bases with respect to “generalized term orders” on N”* x Z" and on
difference-differential modules. We define a special type of reduction for two generalized term orders in
a free left module over a ring of difference-differential operators. Then the concept of relative Grobner
bases w.r.t. two generalized term orders is defined. An algorithm for constructing these relative Grobner
bases is presented and verified. Using relative Grobner bases, we are able to compute difference-differential
dimension polynomials in two variables.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

The notion of Grobner basis, being a powerful tool to solve various problems by algorithmic
way in polynomial ideal theory, has been explored in differential algebra and difference-
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differential algebra by many researchers. Although the attempt to imitate Grobner bases in
the context of differential ideals of a ring of differential polynomials has been unsuccessful to
date, the theory of Grobner bases in free modules over various rings of differential operators
has been developed, see Noumi (1988), Takayama (1989), Oaku and Shimoyama (1994), Carra
Ferro (1997), Insa and Pauer (1998), Pauer and Unterkircher (1999), Levin (2000) and Zhou and
Winkler (2006). It has been shown that the notion of Grobner basis is essential for many problems
of linear difference-differential equations such as the dimension of the space of solutions and the
computation of difference-differential dimension polynomials.

The concept of the differential dimension polynomial was introduced in Kolchin (1964) as
a dimensional description of some differential field extension. Johnson (1974) proved that the
differential dimension polynomial of a differential field extension coincides with the Hilbert
polynomial of some filtered differential module. This result allowed to compute differential
dimension polynomials using the Grobner basis technique. Since then various problems of
differential algebra involving differential dimension polynomials have been studied; see Levin
and Mikhalev (1987) and Kondrateva et al. (1998). The concepts of the difference dimension
polynomial and the difference-differential dimension polynomial were introduced first in Levin
(1978) and Dzhavadov (1979). Some additional properties of such a polynomial can be found in
Chapters 6 and 8 of Kondrateva et al. (1998). These polynomials play the same role in difference
algebra (resp. difference-differential algebra) as Hilbert polynomials in commutative algebra or
differential dimension polynomials in differential algebra. The notion of difference-differential
dimension polynomial can be used for the study of dimension theory of difference-differential
field extensions and of systems of algebraic difference-differential equations.

By the classical Grobner basis method for computing Hilbert polynomials, one can study
difference-differential dimension polynomials ¢(¢) associated with a difference-differential
module M. This approach is based on the fact that the ring of difference-differential operators
over the difference-differential field R is isomorphic to the factor ring of the ring of non-

commutative polynomials R[xy, ..., x;4+2,] modulo the ideal I, where x; = §;, xja =
ax; + 8;j(a) xmyj = aj (an isomorphism on R), xja = aj(@)Xmyj, Xmintj = ozj_l,
Xmintja@ = oz._l(a)xm+n+j for 1 < i < m 1 < j < n,and a € R, and [

is generated by the polynomials x4 jXpminy; — 1 for 1 < j < n. However, a similar
approach to difference-differential dimension polynomials in two variables is unsuccessful.
Levin (2000) investigated the difference-differential dimension polynomials in two variables
by the characteristic set approach. Levin also gave an algorithm to compute the dimension
polynomials if the characteristic sets have been obtained. The method of Levin is rather delicate
but no general algorithm for computing the characteristic set is given. In his recent paper Levin
(2007) deals with difference-differential operators, but does not directly consider their inverses.
In this paper we explicitly consider the inverses of difference operators (automorphisms), and
therefore we have to generalize term orders and to include also terms with negative exponents.
The concept of Grobner bases w.r.t. several orderings in Levin (2007) is rather involved. We
present an alternative concept of relative Grobner bases. Based on this simpler concept we can
also exhibit examples of the theory.

In this paper we introduce a new concept, relative difference-differential Grobner bases, for
algorithmically computing the difference-differential dimension polynomials in two variables.
Our notion of relative Grobner basis is based on two generalized term orders on N x 7Z".
We define a special type of reduction for two generalized term orders in a free left module
over a ring of difference-differential operators. Then the concept of relative Grobner bases
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w.r.t. two generalized term orders is defined. An algorithm for constructing these Grobner basis
counterparts is presented and verified. Using the relative Grobner basis algorithm, it is possible
to compute difference-differential dimension polynomials in two variables. The results obtained
improve essentially theories of Levin (2000), in which the existence of the difference-differential
dimension polynomial was proved via characteristic set.

This paper is divided into 4 sections. Section 1 is introduction and Section 2 is preliminaries.
Most material in the preliminaries is based on Levin (2000) and Zhou and Winkler (2006). In
Section 3 we design the relative reduction algorithm, give the definition of relative Grobner
bases and S-polynomials, as well as the Buchberger algorithm for computation of relative
Grobner bases. Some results are proved already in Zhou and Winkler (2006). In Section 4 we
describe the approach to compute difference-differential dimension polynomials in two variables
via relative Grobner bases. We also need Levin’s theorem on the existence of the difference-
differential dimension polynomial and the algorithm for counting suitable sets of “non-leading
terms” Card U, s (see Theorem 4.1).

2. Preliminaries

In this paper Z, N, Z_ and Q will denote the sets of all integers, all nonnegative integers,
all nonpositive integers, and all rational numbers, respectively. By a ring we always mean an
associative ring with a unit. By the module over a ring A we mean a unitary left A-module.

Definition 2.1. Let R be a commutative noetherian ring, A = {51, ..., §,} a set of derivations
and Y = {01, ..., 0,} a set of automorphisms of the ring R, which commute with each other;
ic.aopB =pPoaforala, B € AU X. Then R is called a difference-differential ring with the
basic set of derivations A and the basic set of automorphisms Y/, or shortly a A-Y-ring. If R is
a field, then it is called a A-Y -field. [

Throughout the paper we suppose that R is a A-X-field and elements of A U X' are free
generators of a commutative semigroup. Then A will denote the commutative semigroup of
terms, 1.e. elements of the form

o= skl gl 2.1)

where (ki,...,ky,) € N"and (I, ...,[,) € Z". This semigroup contains the free commutative
semigroup © generated by the set A and free commutative semigroup I" generated by the set V.

Definition 2.2. Let R and /A be as above. The free R-module generated by A is denoted by D.
Elements of D are of the form

> a, (2.2)
re/

where a; € R for all A € A and only finitely many coefficients a; are different from zero.
They will be called difference-differential operators (or shortly a A—Y-operators) over R. Two
A-X-operators ), _qaxr and ), _ 4 by A are equal if and only if @y, = by forallx € A. O

The free R-module D can be equipped with a natural ring structure. It is called the ring of
difference-differential operators (or shortly the ring of A—J3'-operators) over R. Note that

da=ad+6(a), ta=rt(a)rT, (2.3)
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foralla € R,§ € A, 1 € Y U{o o € X}. The terms A € A do not commute with the
coefficients a; € R.

A left D-module M is called a difference-differential module (or a A—X'-module). If M is
finitely generated as a left D-module, then M is called a finitely generated A—JX'-module.
Definition 2.3. A family of subsets {Zy’), Jj=1,...,k}of Z" is called an orthant decomposition

of Z" and Zi.n) is called the jth orthant of the decomposition, if

k

z' =]z

j=1
and forall j =1, ..., k the following conditions hold:

(1) (0,...,0) € Zg.”), and Z;n) does not contain any pair of inverse elements ¢ = (cy, ..., cp) #

Oandc™! = (—ci,..., —cn);
(i1) Z&”) is a finitely generated subsemigroup of Z", which is isomorphic to N"* as a semigroup;

(iii) the group generated by Zg.”) is 7.
We extend orthant decompositions from Z" to N" x Z":
Let {ZE."), j = 1,...,k} be an orthant decomposition of Z". Then we call {N"* x ZS.H), j =

1, ..., k} an orthant decomposition of N" x 7. [
Example 2.1. Let {Z("), e, Z;’Z)} be all distinct Cartesian products of n sets each of which

is either N or Z_. This is an orthant decomposition of Z". The set of generators of Zg.n) as a
semigroup is

{(Cl’o’""O)’(O’CZ’O""’O)7""(O""7O’Cn)}’

where c; is either 1 or —1, j = 1,...,n. We call this decomposition the canonical orthant
decomposition of Z". [

Definition 2.4. Let {ZE."), j = 1,...,k} be an orthant decomposition of Z". Let E =
{e1, ..., eq} beasetof g distinct elements. A total order < on N xZ" x E is called a generalized
term order on N x 7" x E with respect to the decomposition, if the following conditions hold:

(1) (0,...,0,¢;) is the smallest element in N x Z" x {e;}, ¢; € E,
(i1) if (a, e;) < (b, e}), then for any c such that ¢ and b are in the same orthant, (a + ¢, ¢;) <
(b+c,ej),wherea,b,c e N" x Z", e;,ej € E. [

Example 2.2. Given the canonical orthant decomposition of Z", an order “<’” in E =
{e1,...,e4), for two elements (a,e;)) = (ki,....kp,l1,...,1y,¢) and (b,e;) =
(s s Tm,y 81, -+ -5 Spy €j) of N X Z" x E define:

m n
lah =Y k. lakh =Y _Iijl.

(a3ei) < (b7ej) <:> (|a|15 |a|25eiakla "~5km9 |lll’ AR |ln|,ll, '~'aln)

< (|b]1, |bl2, ej, r1y .oy Fms Istls oo oy ISkls S1, .. ., $p) in lexicographic order.

Then “<” is a generalized term order on N” x Z" x E. [
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Let A be the semigroup of terms of the form (2.1). Since A is isomorphic to N”* x Z" as a
semigroup, a generalized term order “<” on N x Z" induces an order on A. We call this
a generalized term order on A. The notion of generalized term orders can be easily extended
to finitely generated free D-modules. The following result can be found in Zhou and Winkler

(2006).

Lemma 2.1. Given an orthant decomposition of 7" and a generalized term order “<” on
N x 7" x E, every strictly descending sequence in N x 7" x E is finite. In particular, any
subset of N x 7" x E contains a smallest element. [

3. Relative Grobner bases in finitely generated difference-differential modules

Let R be a A-JY -field and D be the ring of A-X'-operators over R, and let F be a finitely
generated free D-module (i.e. a finitely generated free difference-differential module) with a set
of free generators £ = {ey, ..., ¢;}. Then F can be considered as an R-module generated by the
set of all elements of the form Ae; (i = 1, ..., g, where A € A). This set will be denoted by AE
and its elements will be called terms of F. In particular the elements of A will be called terms
of D. If “<” is a generalized term order on N x Z" x E then “<” induces a generalized term
order on AE.

It is clear that every element f € F has a unique representation as a linear combination of
terms:

f=aihej +---+aghgej, 3.1)

for some nonzero elementsa; € R (i =1, ..., d) and some distinct elements Ajej,, ..., Aqej, €
AE.
Let “<” be a generalized term order on AE, f € F be of the form (3.1). Then

It(f) :=max{rje;li =1,...,d}
<

is called the leading term of f.If Aje;. = It(f), then lc(f) = a; is called the leading coefficient
of f.

Now we are going to construct a special reduction algorithm in the difference-differential
module F. In what follows we always assume that an orthant decomposition of Z" is given as
well as a generalized term order with respect to this decomposition. We need some lemmas which
have been proved in Zhou and Winkler (2006) to describe the various properties in difference-
differential modules.

Definition 3.1. Let A be of the form (2.1). Then the subset A ; of A,

m

Aj == ol ol | @ 1) € Z230),

where ZE.") is the jth orthant of the decomposition of Z", is called jth orthant of A. Let F be a
finitely generated free D-module and AE be the set of terms of F. Then

/le ={le; | A € Aj,e,- € E}
is called jth orthant of AE. [

Obviously, from Definition 2.3, if “<” is a generalized term order on A and §& < A, then
n& < nA holds for any 7 in the same orthant as A.
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Lemma 3.1. Let A € Aand a € R, “<” be a generalized term order on AE C D. Then
ra=ak+g,

where a' = a(a) for some a € I (see (2.1)), and if a # O thena’ # 0; &€ € D with It(§) < A
and all terms of & are in the same orthant as . [

In general It(Af) = Alt(f) does not hold, a slightly weaker property is expressed in the
following lemma.

Lemma 3.2. Let F be a finitely generated free D-module and f € F \ {0}. Then the following
assertions hold:

(1) If A € A, then lt(Af) = max_{iu;} where u; are terms of f, and lt(Af) = \u for a unique
termu of f.
(i) Iflt(f) € AE then lt(Af) = Mt(f) € A;E holds forany > € A;. 0O

Lemma 3.3. Let F be a finitely generated free D-module and f € F \ {0}. Then for each j there
exists some X € A and a term uj of f such that

It(Af) = Auj € /le.

Furthermore, the term u j of f is unique: if t(M f) = Muj, € A;E and lt(hy f) = Auj, € AjE
then uj = uj,. We will write It j(f) for the term u ;. [

in Lemma 3.1). Since some of the terms A;u; may be equal and vanish in Af, it would be
problematic if /#(hf) < A;u; might occur for some A; and u ;. The following lemma asserts
that this undesirable situation cannot occur.

Lemma34. Let f € F\ {0}, h € D\ {0}. Then lt(hf) = max<{A;ur} where A; are terms of h
and uy are terms of f. Therefore lt(hf) = Au for a unique term A of h and a unique term u of

f. O

Let “<” be a generalized term order on AE. For our purpose we need to consider a special
type of reduction relative to another generalized term order “<’” on AE. An algorithm for the
reduction is described in the following theorem.

Theorem 3.1. Let “<” and “<'” be two generalized term orders on AE. Let g1, ..., 8, €
F\{O}and f € F. Then

f=hgi+--+hpgp+r (3.2)

for some elements hy, ..., h, € D andr € F such that

(1) hi =0orlti(higi) <lt.(f), i =1,...,p, (By Lemma 3.4 this means that Au < lt.(f)
for all terms X\ of h; and all terms u of g;.)
(1) r =0orlt<(r) <X lt-(f) such that

Ito(r) & {lt-(Ag) | lto(hg) < lta(r), A€ Ai=1,...,p).

Proof. The elements iy, ..., h, € D and r € F can be computed as follows:
Firstsetr = fand h; =0,i =1, ..., p.
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While r # 0 and It (r) = lto(\;g;) such that It (\;g;) <" lt_(r) for an element A; € A,
then

rigi = cilt<(Xigi) + i
cilt<(higi) = rigi — &,
where ¢; = lc<(X;jg;) and lt. (&) < lt<(X;g;i). Therefore
le<(r)

r=lelt(r) - =lec(lt<Gigi) +- - = ———igi = &) + -,
1
where all terms in - - - < It (r) = lt<(X; g;).
Put b; = % and r; = % -(=&;)+---. Then
r=>bjAigi +ri. (3.3)

Now we may replace r by r; and h; by h; + b; 1;. Since in each step we have

It (ri) <lto(Xig) X lio(r) Xl (f),

by Lemma 2.1, the algorithm above terminates after finitely many steps. This completes the
proof. [J]

Definition 3.2. Let “<” and “<’” be two generalized term orders on AE. Let gq,...,¢ p €
F\{0}and f € F. Suppose that the Eq. (3.2) holds and that the conditions (i), (i1) in Theorem 3.1
are satisfied. If r # f we say that f can be <-reduced to r modulo {g1, ..., g} relative to <'. In
caser = fand h; =0,i =1,..., p, we say that f is <-reduced modulo {g1, ..., gp} relative
to<'. O

Unlike the difference-differential reduction for one generalized term order in Zhou and
Winkler (2006), in every step of the relative reduction we reduce the term lf<(r) = lt<(X;ig;)
only if It ./(A;g;) < lt_/(r). This is why we call the reduction “relative to <"”.

Example 3.1. Let the sets A and X' consist of a single § and a single o, and let D be the ring
of A-X -operators over R. Choose the canonical orthant decomposition on Z as in Example 2.1
and define the generalized term orders < and <’ on terms of D as follows:

sko! < 8"6% < (|l|, k,1) < (Is|, r, s) in lexicographic order,
skol < 870 = (k, 11],1) < (r,|s], s) in lexicographic order.

Given f = 80 —o~ !, g = 8% + o, then lt(f) = 830 = It.(83g) = It (8 + 8%0). But
It (83g) =8 >/ It (f) = 830. So f is not <-reduced modulo g in the usual meaning, but f
is <-reduced modulo g relative to <’. [

Definition 3.3. Let W be a submodule of the finitely generated free D-module F', < and <’ be
two generalized term orders on AE, and G = {g1, ..., gp} a subset of W\{0}. Then G is called
a <-Grobner basis of W relative to < iff every f € W\{0} can be <-reduced to 0 modulo G
relative to <’. We will call it shortly a relative Grobner basis of W if no confusion is possible.

Obviously, G = {g1, ..., gp} C W\{0} is a <-Grobner basis of W relative to <’ if and only
if for every f € W\{0} we have

lt<(f) € {lt<()"gl) | lt<’()"gi) ﬁ/ lt<’(f)?)“ € A’l =1, ’P} 0
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Remark. If we take the two generalized term orders < and <’ on AE as <=<’, then relative
reduction will be the usual reduction and a relative Grobner basis will be a usual difference-
differential Grobner basis as introduced in Zhou and Winkler (2006). So the concept of relative
Grobner basis 1s a generalization of Grobner bases in difference-differential modules.

Proposition 3.1. Let < and <’ be two generalized term orders on AE, G C W\{0} a <-Grobner
basis of W relative to <', and f € F. Then the following assertions hold:

(i) G is a Grobner basis of W w.r.t. < and <'. So G generates the D-module W.
(ii)) f € Wifandonly if f = 0or f can be <-reduced to 0 modulo G relative to <'.
(iii) f € W is <-reduced modulo G relative to <’ if and only if f = 0.

Proof. (i) If f can be <-reduced to O modulo G relative to </, then f can be reduced to 0 modulo
G w.r.t. < in the classical way. Therefore G is a Grobner basis of W w.r.t. <.

In order to see that G is also a Grobner basis of W w.rt. </, we consider an arbitrary
f € W\{0}. We write

f:hlgl+"'+hpgp

by the algorithm described in Theorem 3.1. Note that in every step of the relative reduction
algorithm we have

Itor(higi) < ltor(r).

From (3.3) we see that I/ (r;) <" lto(r). Soif lt/(r) <" It (f) then It/ (r;) < It (f). In the
first step we set r = f. So in every step we have lt_/(r;) <" It/ (f).

Moreover, if It/ (h;g;) <" ltor(A;g) then It ((h; + bir;)gi) =<' lt.(A;g;). This means that
in every step we have It/ (h;g;) <" lt(r;) <’ lt_(f) since in the first step we set h; = 0.

We conclude that f can be reduced to 0 modulo G w.r.t. </, i.e. G is a Grobner basis of W
w.rt. <.

(i1) and (iii) are obvious from Theorem 3.1 and Definition 3.3. [

Remark. Proposition 3.1(i) asserts that a relative Grobner basis of W must be a Grobner basis
of W w.r.t. < and <’. But the reverse conclusion is not true. For example, if {g1, ..., gp} and
{g],---, g(’]}‘ are Grobner bases of W w:r.t. < and <’ resp.,.then {g1,..., &p> [ g;} is a
Grobner basis of W w.r.t. < and <’. But it need not be a relative Grobner basis of W.

Example 3.2. Let < and <’ be two generalized term orders on AE. If W is generated by one
element g € F\{0}, then any finite subset G of W \ {0} containing g is a relative Grobner basis
of W.In fact,0 # f € W implies f = hg forsome 0 # h € D. By Lemma 3.4, [t (f) = Au =
max-{A;ux} for a term A of & and a term u of g, where X; are terms of & and uj are terms of
g. Then It (f) = lt<(\g). Similarly, we have also that lt_/(f) = max_/{A;u;} =" lt_/(Ag). By
Definition 3.3, G is a relative Grobner basis of W. [

In Zhou and Winkler (2006) we have presented an algorithm for computing Grobner bases
of difference-differential modules. In a similar manner we will now construct an algorithm for
computing relative Grobner bases.

Definition 3.4. Let F be a finitely generated free D-module and f, g € F\{0}. Let < be a
generalized term order on AE. For every A; let V(j, f, g) be a finite system of generators of the
R[Aj]-module

RiAIGS) € AJE | J€ A) N gpa,(li(ng) € AjE | 1 € A).
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Then for every generator v € V(J, f, g)

v f v 8
It (f)lej(f)  ltj(g)lcj(g)

is called an S-polynomial of f and g with respect to j and v. [

SG. f. 8. v) =

Theorem 3.2 (Generalized Buchberger Theorem in Zhou and Winkler (2006)). Let F be a free
D-module and < be a generalized term order on AE, G be a finite subset of F\{0} and W be
the submodule in F generated by G. Then G is a Grobner basis of W if and only if for all A;,

forall gi, gk € G and forallv € V (], gi, gk), the S-polynomials S(j, gi, gk, v) can be reduced
to0by G. [

On the basis of Theorem 3.2, we can construct the algorithm of computing relative Grobner
bases. Let F be a free D-module, < and <’ be two generalized term orders on A E. We will denote
the S-polynomials with respect to < and <" by S(J, g;, gk, v) and S'(J, gi, gk, v) respectively.

Theorem 3.3. Let F be a free D-module, < and <’ be two generalized term orders on AE, G be
a finite subset of F\{0} and W be the submodule in F generated by G. Then G is a <-Grobner
basis of W relative to <’ if and only if G is a Grébner basis with respect to <" of W and for all
Aj, forall g;, gx € G andforallv € V(j, g, gk), the S-polynomials S(j, gi, gk, v) with respect
fo < can be <-reduced to 0 modulo G relative to <'.

In other words, G is a <-Grobner basis relative to <’ if and only if all S'(j, gi, gk, v) can
be reduced (w.r.t. <") to 0 by G and all S(J, gi, gk, v) can be <-reduced to 0 modulo G relative
to <.

Proof. Suppose that G is a <-Grobner basis of W relative to <’. Since S(J, gi, gk, v) is an
element of W, then it follows from Proposition 3.1(ii) that S(J, g;, gk, v) can be <-reduced to 0
modulo G relative to <’. Also, G is a Grobner basis with respect to <" of W by Proposition 3.1(1).

On the other hand, let G be a finite subset of F'\{0} and W be the submodule in F generated
by G. Suppose that for all A;, forall v € V(j, g, g«) and for all g;, gx € G, the S-polynomials
S(Jj, &i» gk, v) can be <-reduced to 0 by G relative to <, and G is a Grobner basis with respect
to <" of W. For any f € W\{0} we have to show that there are some A € A and g € G such that
It (f) =1lt<(Ag) and It s (Ag) <" It (f).

Since W is generated by G and G is a Grébner basis with respect to <" of W, we have

f=> hg

geG

for some {hg}eec C D such that

lt<’(hgg) ﬁ/ lt<’(f)-

In the following we denote /7. (f) shortly by If(f). Let u = max_{lt(hgg) | g € G}. We
may choose the family {hg | ¢ € G} such that u is minimal, ie. if f = >, ;h,g then
u < max<{lt(h/gg) | ¢ € G}. Note that u > [t(Ag) for all terms A of hg and all g € G by
Lemma 3.4. Also we have lt_/(Ag) <" lt/(f) for all terms A of h, and all g € G.

If lt(f) = u = lt(hgyg) for some g € G, then it follows from Lemma 3.4 that there is a term A
of hg such that ir(f) = It(Ag) and lto(Ag) <" lt_/(f). Therefore the proof would be completed.
Hence it remains to show that /#( f) < u cannot hold.
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Suppose that [#(f) < u and let B = {g | lt(hgg) = u > lt(f)}. Then by Lemma 3.4 there is a
unique term Ag of hg, g € B, such that u = lt(Agg) > lt(neg) for any terms n, # A, of hy. Let
cg be the coefficient of i, at A,. We have

F=) heg+) heg =) cehgg+ Y (hg—cehg)g+ Y hyg, (3.4)
geB g¢B geB geB 8¢B

where all terms appearing in the last two sums are < u.
From Lemma 3.2(i), we may suppose v is the term of g such thatu = lt(Agg) = Agvg > Agv
for any terms v # v, of g. Let d, be the coefficient of g at v,. Then by Lemma 3.1,

chkgg = chkgdg (i) = ch(dé)»g + &) (i)

gEB g€B g<B
= > cgdyhy ( ) D ety ( ) (3.5)
geB geB

for some elements dg, € R and &, € D with all terms appear in the last sum are < u. Also, by
Lemma 3.1, all terms of &, are in the same orthant as 1, and <" A,. Then all terms appear in the
last sum of (3.5) are < It/ (Agg) < It (f).

Note that u appears only in

> cgdyhy ( ) > cgdyhgvg + Y codylg ( )

geB geB geB
/ ’ 8
= (Z cgdg> u—+ Z Cedyhg (d_ — vg>
geB geB 8
and all terms appearing in the last sum are < u. Since I#(f) < u it follows that > 2€B cgdé, = 0.

Denote Ag(%) by r,, then

chd/ ( ) Z(ng/)rg—zbzk(rg, ro) (3.6)

genB geB
for some g;, gr € B.
Since
8i 8k
e — T = g (_> —Ag <_>
dg; dgy
and Ag, vy, = Ag vy, = u € A;E for an A, it follows from Lemma 3.3 that vy, = It;(g;),

Vo, = 1tj(8k), dg; =1cj(8i), dg, =1cj(8k)s hg; = hj(%, Aoy = ) (g 5 and then
u 8i u 8k

ltj(gi) lej(en)  Ie(gn) Lej(gr)

with lt(rg, —1rg,) < u .

Note that for all A;, for all g;, g and for all v € V(j, gi, &), the S-polynomials
S(J, gi, gk, v) can be <-reduced to 0 modulo G relative to <’. We have

Fop = Z Pg8& (3.7)

geG

Fei —Tg =
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with lt(pgg) < u and It ./ (pgg) <’ max o {lt < (hg 8i), It (Ag &k)} <"t (f).

Replace the first sum on the right-hand side of (3.4) by (3.5), and replace the first sum in the
right of (3.5) by (3.6); then replace ry;, — rg, on the right-hand side of (3.6) by (3.7). We get
another form of f =}, h,g such that

u > max{li(hlg) | g € G} and lio(hyg) <" li(f),
<

which is a contradiction to the minimality of u. This completes the proof of the theorem. [

Example 3.3. If W is a submodule of F generated by a finite set G and every g € G is a
monomial, i.e. consists of only one term, then G is a relative Grobner basis of W. In fact in this
case all S-polynomials S(J, g;, gk, v) and S'(J, i, gk, v) are 0. By Theorem 3.3 this implies that
G is arelative Grobner basis of W. [

Following Theorem 3.3, the algorithm for computing a relative Grobner basis can be divided
into two parts. The first part deals with S’(J, g;, gk, v) and determines a Grobner basis w.r.t.
<’. Then, the second part deals with S(j, g;, gk, v) and determines a relative Grobner basis.
Similar to the algorithm for computing a Grobner basis w.r.t. a generalized term order in Zhou
and Winkler (2006) Theorem 3.3, we have the following algorithm.

Theorem 3.4 (Buchberger’s Algorithm for computing Relative Grobner Bases). Let F be a free
D-module, < and <’ be two generalized term order on AE, G be a finite subset of F\{0}
and W be the submodule in F generated by G. For each Aj and f, g € F\{0} let V(j, f, g),
S(J, f, g, v)and S'(j, f, g, v) be as in Definition 3.4 w.r.t. < and <', respectively. Then by the
following algorithm a <-Griobner basis of W relative to <’ can be computed:
Input: G = {g1, ..., g}, a set of generators of W
< and <', two generalized term orders on AE
output: G” = (g7, ..., g/}, a <-Grobner basis of W relative to <’
Begin
G =G;
While there exist f, g € G' and v € V(j, f, g) such that
S'(j, f, g, v) is reduced (w.r.t. <')tor # 0 by G’
Do G' .= G' U {r}
Endwhile ;
G" =G’ :
While there exist f, g € G”" andv € V(j, f, g) such that
S(J, f, g, v) is <-reduced to r # 0 by G" relative to <’
Do G" .= G" U {r})
Endwhile
End [

4. Computing difference-differential dimension polynomials using relative Grobner bases

Let R be a A-Y-field, D the ring of A-JX-operators over R, M a finitely generated A-J/-
module (i.e. a finitely generated difference-differential module), F' a finitely generated free A-X
module. We will continue to use the notations and conventions of the preceding sections.

Now we consider difference-differential dimension polynomials 1/ 4 (¢1, t2) in two variables #;
and 7, by the approach of relative difference-differential Grobner bases.
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Choose the canonical orthant decomposition on Z" as in Example 2.1 and define the

(13 2

generalized term orders “<” and “<”” on AE of the terms of F as follows: for A =

k l
8 --'8,];’"01‘ ol we set

A1 :=ki+---+ky and |A]p =[]+ -+ |l
also for Le; € AE we set
|Aeil1 :=|Al1 and [|Aeil2 = |A]2.

We write <., for the lexicographic order.
Now for Le; = 8’1{1 ---8,]2"0? ...olne; and pej =8\ 8o -+ 0,"e; we define

rei < pej = (Alos M1 e kis ook 1Dl il D D)
<lex
(|M|2,|M|1’ej’r1,---’rm,|SI|,---a|sn|,sl,---,sn),

and

)\'ei </ I’Lej :<:> (|)\|1,|)¥|2’317k1,,km,lll|,a|ln|’ll,7ln)
<lex
(elrs ll2s ejoriy ooy rmy Uil ooy Isuls S1, 0005 s0).

Foru =), .4 axt € D we define
lul1 ;= max{[A]1 [ax # 0} and [|ulz := max{|A]2 | ax # O}.

We may consider D as a bifiltered ring with the bifiltration (D), se7z such that D,y = {u €
D | |uly <r |ulp < s} forr,s € Nand D,; = {} if at least one of the numbers r, s is
negative. Obviously | J{D,s | r,s € Z} = D, Dys € Dy11.5, Dys € Dy 54 forany r, s € Z and
DyiDys = Dyyg sy forany r, s, k, 1 € Z.

Let M be a finitely generated left D-module with generators Ay, ..., hy. Let

M,y = Dyshy + -+ + Drshq

for any r, s € Z. Then (M,s), scz 1s an excellent bifiltration of M, i.e. every (M,;) is a finitely
generated R-module and Dy M,s = M, 4k s41-

Definition 4.1. A polynomial 1 (¢1, t2) in Q[#1, #2] is called a (bivariate) numerical if ¥ (¢, t2) €
Z for all sufficiently large (r1,r) € 72, i.e. there exists a tuple (s1,s2) € 72 such that
Y (r1,rp) € Z for all integers r1,rp € Z withr; > 5; (1 <i <?2).

The numerical polynomial v (t1, tp) is called (bivariate) difference-differential dimension
polynomial associated with M, if

(1) deg ¥ <m +n,deg, ¥ < m,and deg, ¥ < n and
(i1) ¥ (t1, ) = dimrM,, 1, for all sufficiently large 1,1, e N. [

Levin (2000) investigated bivariate difference-differential dimension polynomials using the
characteristic set. The method of Levin is rather delicate but no algorithm for computing the
characteristic set is described. We will show that, by the method of relative difference-differential
Grobner bases, the bivariate difference-differential dimension polynomials can be computed.
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Theorem 4.1. Let R be a A-X-field, D and M be as above, in particular let M have the
generators hy, ..., hy. Let F be a free A—X module with a basis ey, ...,eqandmw : F — M
the natural A-X epimorphism of F onto M (mt(e;) = h; fori =1,...,q).

Let < and <’ be the generalized term orders on AE of the terms of F defined above. Consider
the submodule N = ker w of F and let G = {g1, ..., gp} be a <-Grdbner basis of N relative to
<'. Let

U,y = {w € AE | lwlp <r wly <s, and w # lt(Ag;) forall A € A, g; € G}
U
{we AE [Jwli <1, wh <35,
and |ltor (Agi)|l1 > rforall) € A, gi € G s.t. w = lt<(kg,-)} .

Then the bivariate difference-differential dimension polynomial  associated with M is the
cardinality of U, i.e.

w(’”, S) = }Ur,s|-

Proof. First, let us show that every element Ah; (i = 1,...,q9, 1 € A, [A]] < r, |A|2 <), that
does not belong to 7 (U, 5), can be written as a finite linear combination of elements of 7 (U, ;)
with coefficients from R. Ah; ¢ 7 (U, ) implies Ae; ¢ U, s, so we have re; = It (1" g;) for
some A’ € A, gj € G, and [[lt~/(X'g;)]l1 < r. Therefore

Vgj=ajhei+ Y ayhyey,
v

where a; # 0 and a,, # 0 for finitely many a,. Obviously, A,e, < Le; = It o\ g;j). Then by the
definition of <, |A,|2 < s. On the other hand, since |[lro/(A'g;)]|1 < r and A,e, <" It (X g)),
it follows from the definition of <’ that |A,|; < r. Now note that G C N = Ker(w), we have
0=m(g;)and

0=2m(g) =n(\ gj) =ajm(he;)) + Y _ayt(hve,) = ajrhi + Y avhohy.
Vv v

So we see that Ah; is a finite linear combination with coefficients from R of some elements of
the form A A, (1 <v < g)suchthat |A,|; <7, |Ay]2 < s and A,e, < Ae;.

If there are some A,h, ¢ 7 (U, ), then we may repeat the same procedure with Ah; replaced
by Ayh,. Thus, by induction on Ae; (A € A, 1 < v < q) with respect to the order < we obtain
that

Mhi =Y " buluhy
n

such that [A,[1 <r, |Ayula <sand A, h, € T (U, ) for all .

Now we have to prove that the set (U, ) is linearly independent over R. Suppose that
Zézlain(u,-) = 0 for some uy,...,u; € Urg,ay,...,a; € R. Then h = Zleaiui € N.
By the definition of U, ; we see that
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This means

lt.(h) ¢ { U {lt<()\gi) ! It (Agi) <’ lto(h), A e A}} .

i=l1,..., p

In fact, |lt/(h)|1 = |uj|1 < randif u; = lt.(h) = lt.(Ag;) then |lt./(Ag;)|1 > r. So by the
definition of <" we have Ir_/(Ag;) £ It~/ (h).
Therefore, h is <-reduced modulo G relative to <’. By Proposition 3.1(iii) we get & = 0 and

ai =0,i =1,...,1. Son(U,y) is linearly independent over R. Actually = is a bijection from
Uys torr(Us). So

VY (r,s) =dimpM; s = ‘E(Ur,s)} = |Ur,s‘.
This completes the proof of the theorem. [

The difference-differential dimension polynomial ¥ (#1, ;) carries more invariants than the
“one variable” dimension polynomial ¢ (#). From the point of view of strength of systems of
difference-differential equations, the polynomial ¥ (#1, ;) determines the strength of systems
w.r.t. each of the sets of operators A and X’ while the polynomial ¢ (¢) determines just the general
strength of the systems w.r.t. the set A J Y.

Example 4.1. Let R be a difference-differential field whose basic sets A and X consist of a
single § and a single o. Furthermore, let D be the ring of A-2X'-operators over R and M = Dh
be a A-2X' module whose generator / satisfies the defining equation

(0 + 0_2)h =0.

In other words, M is isomorphic to the factor module of a free A-X module F with a
free generator e by its A-2X' submodule N which is a cyclic submodule with a generator
{g = 80 + 0~2}. We compute the difference-differential dimension polynomial ¥ (r, s). By
Theorem 4.1, we need to compute a relative Grobner basis of N and then ¥ (r, s) = |Ur, s |

Clearly the relative Grobner basis is {g = 80 + o2} (compare Example 3.2). We have
It(g) = 02 € Ay. As the leading term of g = 80> + 0! is 02 € Ay, we have

It(hg) = Mdo” | J Apo ™.

Put
Ulyi={wed|lwh <rwl <s, andw # lt.(hg) forall » € A},
Uls:={weAd|lwli <r |wh <s, and |lio(Ag)]; > r forallA € As.t.w =l (Ag)}.
Then
|Urs| = |U)s |+ UL
and

Y(r,s) =dimgM,s = |Ups| =Gr+s+2)+(s—1)=3r+2s+1. O

Example 4.2. Let R be a difference-differential field whose basic sets A = {§1, 52} and
Y = {o}. Let D be the ring of A-X'-operators over R and M = Dh be a A-3 module whose
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generator A satisfies the following defining equations
(81820 73 + 83820%)h = 0,
(828202 — 87820 ~H)h = 0.

Then M is isomorphic to the factor module of a free A—Y module F with a free generator e by
the A-X submodule N generated by

(g1 = 816007 + 628007, g0 = 638202 — 876,074},

TR LR TR AT

Now the generalized term orders “<”, “<"” are defined as:
81852 0" < 81670 <= (], ki + ko, ki, ko, 1) <iex (s, 71+ 72, 71,72, 5),
518570l < 8118720 = (ki + ko, ll], ki, ko, ) <iex (r1 + 12, Is], 71, 72, 8).

For computing the difference-differential dimension polynomial ¥ (#1, ;) we first computing
a relative Grobner basis of N. Let A = {5\'6520" | 1 > 0} and 4, = {5\'6520" | 1 < 0).
Since

o3g1 = 8182 + 81820°,

08y =06180° —83807° and gy = 87607 — 83820,
it follows that

lio(o’gr) = 8182 € A1) A,

It (0gy) =860 € A1 and It (g2) = 8780 % € Ay.
Then we may see that

(Ledllta(g) e My =Ao> {ned|lta(ng) e A} = Ajo
and

{lto(Ag) € Ay | ke Ay = 01818, {lt(ng2) € A1 | e A} = 4187807,
Therefore V'(1, g1, g2) = {v|} = {81820} and by Definition 3.4,

S'(1, g1, g2, V) = 0%g1 — 87080 = 826207 + 8716202,

Since It (878207 + 818,073) = 8182073 = lt=(g1), S'(1, g1, g2, v}) can be reduced to
8%8209 — 8%8203 mod g1, and then it can be reduced to 0 mod g; since 8%8209 — 5%8203 = 07g2.
Similarly we have

(LeAllta(hg) € Mo} = Mo’ {ned|lto(ng) € A} = Ay
{lto(hg1) € Ay | A€ Ay = M3818,  {ltw(nga) € Ap | n € A} = 487820~
V'(2, g1, 82) = {vj} = {81820 %),
Then
S'(2, 81,82, V) =0 g + 87y = 826,07 + 818207
= 05g1 + 312820"2 — 5%8208 = Usgl — o6g2

which is reduced to 0 by {g1, g2}. By Theorem 3.2, {g1, g} is a Grobner basis with respect to <’
of N.
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Now we compute S-polynomials with respect to <.
ogl = 8180 2 + 8380 and g1 = 876073 + 878203,
lto(of) =8180% e A1 and It<(g1) = 816207 € Ay
0gr =87800° — 8780 ° and gy = 8760° — 8780 7,
lt.(0g)) =8180° € A1 and lt-(g2) = 8380 € As.
It follows that

Aedllti(rg) € M1} = Ao {neAllti(ng) € 1} = Ao
{li.(hg1) € Ay | A€ Ay = Mi87820"  {li(nga) € A1 | n € A} = 41578207

and

Aedllts(hg) e oy =Ay {neA|lti(ng) € A2} =4
{lio(rg1) € Ay | 2 € A} = M81820 7 {lt<(ng2) € Ap | € A} = 48780,

Then

V1, g1, g2) = (v} = {8760%)
V(2, g1, 8) = {v2) = {81804}

By Definition 3.4 we have

S, g1, 8,v1) =081 — ngz = 8?820_2 + 8%820_2.

S(2, 81,8, v2) =0 g1 +87g2 = 816207 + 878207,

Since i< (S(1, g1, 82, v1)) = 8182072 ¢ {A281820 73} J{A281820 4}, we see that S(1, g1,
g2, v1) is reduced w.r.t. {g1, g2}. Denote it by g3, then S(2, g1, g2, v2) = 04g3 can be reduced
relatively mod g3 to 0.

Put G = {g1, g2, g3}. In a similar way we get the S-polynomials of G as follows:

S(1, g1, g3, v3) = 87081 — 0083 = 8%820 7% — 8180*

S(2.81.83.v4) = g1 — 0 ' g3 =08{820° — 8180

S(2, 82, g3, V6) = 8182 + 0 2g3 = 816207 + 818,074,
Since It (S(1, g1, g3, v3)) = 8180* = lt<(0g1), and It (0g1) = 818072 < 896,072 =
It (S(1, g1, g3, v3)), we see that S(1, g1, g2, v3) can be <-reduced to 5?520‘2 + 5‘1‘820_2
modulo g; relative to <’. Then it can be reduced relatively modulo g3 to 0, since 8?820_2 +
518,072 = §2g3.

Similarly S(2, g2, g3,v6) = —g2 + 04g3 can be relatively reduced to 0 modulo G. Also

S(2, g1,83,va) = 0g2, S(1, g2, g3, v5) = —g1. So these S-polynomials can be relatively re-
duced to 0 modulo G. Therefore, by Theorem 3.4, G is a relative Grobner basis of N.

It follows from Theorem 4.1 that the difference-differential dimension polynomial v (7, s) is
determined by

Y(r,s) = |Ups| = |UL |+ |U),
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where

U,”S = {w e ‘ lwlp <r, Jwlp <s, andw # lt.(\g;) forall L € A, g; € G},

Ul ={wed|lwh <rwh<s,

and It (Agi)|y > rforallx € A, g € G s.t. w =1t (Ag)}.

From the fact It (Ag2) = It/ (Ag2), lt<(Ag3) = lt_/(Ag3) we see that for j = 2, 3 there is no
w € A such that [w|; < r,w = lt.(Ag;) and lt_/(Ag;)][1 > r. Furthermore, if A € A, then
It-(Ag1) = It (hg1); if & € Aj then {w € Ajw = lt=(Aog))} C {w € Ajw = It~ (Ao g2)}. This
means that the condition in U,’; does not hold for such w. So we conclude that U,/ = @. Thus,
finally, from

ULy ={w=25'6" [ ki +ky<r. [I]| <5,
(ki ko, 1) ¢ 2, 1,3) + (N}, (ki ko, D) ¢ (2,1, —4) + (N? x (=N}
(ki k2. 1) ¢ (4,1,0) + {N? x Z}}

we get for all sufficiently large r, s € N
Y(rs) = U]
= (r+DEs+ D+ —-3)2Cs+ 1D+ 12]+[2(25 + 1) + 6]

+[22s + D]+ 2s+ 1)
= 6rs+15r—-30. O

Example 4.3. Let R, A, X and D be the same as in Example 4.1. Let M = Dh| + Dh; be a
A-3 module whose generators /1, h; satisfy the defining equations

Sohy + 0 2hy, =0,
820h| + 8hy = 0.

Then M is isomorphic to the factor module of a free A-3’ module F with free generators e, e>
by its A—XY' submodule N generated by

(g1 = 80el + 0 2er, g2 = 8%ae + Sea).

We compute the relative Grobner basis of N , the cardinality of U, ; and ¥ (7, s).
Similarly as in Example 4.2, we get

S'(1, g1, g2, v1) = S'(2, g1, &2, v2) = 8g1 — g2 = 80 2ey — Sey = g3.

Since lt_/(Ag1) € Aey, ltor(Ag2) € Aey and It/ (Ag3) € Aey, we see that S'(k, g;, g3, vs) = 0,
foralli = 1,2,k =1,2.S0 G’ = {g1, g2, g3} is a Grobner basis with respect to <" of N.
We compute S-polynomials with respect to < as follows:

og1 =80ei +0 ler, g1 =80er+0 Y,
g2 = 8%ce) + e, o gy = 8% + 80 ey,
0g3 = 50_162 — doen, g3 = 80_262 —der

(underlined terms denote leading terms). Then
1 _
S(1, g1, &2, viz)) =d0g1 —0gr =080 'es —boe; = 0g3

2 — _
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which can be reduced relatively mod g; to 820 le| + 8er = g4. Then

og4 = 8261 +doey g4 = 820_161 + der

and
S(1,g1.83.v3) =0, S(I, 8,83, v33) =0
S(2, g1, &3, vf?) =881 — g3 =8%0e1 +8er =g
S(2, 82, 83, vé?) =0 g —g3=080"lei+der =g
S(1.g1.ga. 1) =0, S2.81.84.v7) =0
S(1, g2, g4, v&)) =0, S(2, g2, &4, vﬁ)) =0

2
S(2. g3, 84, v3;) =0

1 _ _
S(1, g3, g4, V}) = 083 + 094 = 8%e1 + 60 ey =0 g,

So G = {g1, g2, g3, g4} is a <-Grobner basis of N relative to <.
Now we determine the dimension polynomial

Y (r,s) = |Uns| = |UL| + U]

From
Ur’7s = {w € AE } lwl] <r Jwlp <sand w # lt<(Ag;) forall L € A, g; € G}
{we dey | lwli <rwl <s
and w # lt.(hog1), w # li.(Ag2), w # It (hogs)}
U
w e Aes | lwli < r, wly <5
and w # It (Ag1), w # lt<(ho ' g2), w # i< (ho g3),
w # l.(hg3). w # . (hoga))
we See

U | =@s+ D+ G+ + G —D+G+2) +r=2r+4s +4
For determining |Ur” S‘ we only need to consider g1, 0~ 'gs, 0g4, because It (Aogj) =
lt<’()\08j) fOI'j =1,3, and lt<()\,gj) = lt</(kg]) forj =2,3,4.
{w=1l.(g1) | » € Mer, lwly <1, |wla <, [l (hgD)]1 > 1}
={w=06"0"o"2es| <rk+1>r}
— {w — 5r0'_(l+2)62 } [ > 0}
Butw = 8"0 ey = It (8" o~ g3) and |lt= (8" 1o g3)|1 <, s0
{w = li<(hg1) | A€ Myer, lwly <71, |wly <,

and It (Agj)|1 > rforall A € A, gj € Gs.t.w =1 (Ag;)}
= (.
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Similarly we get
{w=1t.007"g2) | 1 € Maes, [wly <7, |wlp <5,
and It (Agj)|1 > rforallA € A, gj € Gs.t.w =1lr<(Ag))}
= {Sra_(lH)ez | | = ()},
and finally
{w = It (Aogs) ‘ A€ Arey, |wly <1y |wlp <,
and It (Agj)|1 > rforallx € A, gj € Gs.t.w =1li<(rg))}
= {80 ey [120,1+1<5)
Combining all these partial results, we see that
U/ |=0+14s=s+1,
and therefore
Y(r,s) = |Uns| = UL |+ |U!g| =2r +55+5

for all sufficiently large r, s € N. [
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